1. This problem helps you review the basic concepts of utility representation and contin-
uous preferences. Prove or disprove the following:

(a) If f: R — R is a strictly increasing function and u : X — R is a utility function
representing the preference relation -, then the function v : X — R defined by
v(z) = f(u(x)) is also a utility function representing .
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(b) If both u and v represent -, then there is a strictly monotonic function f : R — R
such that v(z) = f(u(x)).
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(¢) A continuous preference relation can be represented by a discontinuous utility
function. [See HW2 Q4 as the same kind of problems.]
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(d) In the case of X = R, the preference relation that is represented by the discon-
tinuous function u(x) = |x] (the largest integer n such that z > n) is not a
continuous relation.
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(e) In the case of X = N, any preference relation can be represented by a utility
function that returns only integers as values.
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2. Consider the following UMP with the utility function in a three-good setting:

u(wy, xg, v3) = (w1 — B1)* (g — B2)** (w3 — P3)** st p-ax<w,
where §; > 0, a; > 0 for all i, p > 0, and w > 0.

(a) Explain why there is no loss of generality to assume that o + ag + a3 = 1.
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(b) Write down the FOC for the UMP and derive the consumer’s Walrasian demand
and the indirect utility function.
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(¢) Verify that the derived functions satisfy the following properties:

(1) Walrasian demand z(p, w) is homogeneous of degree zero and satisfies Walras’
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(2) Indirect utility v(p, w) is homogeneous of degree zero
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(3) v(p,w) is strictly increasing in w and non-increasing in p; for all [;
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(4) v(p,w) is continuous in p and w.
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(d) Using different prices and incomes (i.e., p and p/, w and w’) and Walrasian demand
to derive a condition (with some inequalities) that violates WARP.
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3. Assume that z(p,w) is differentiable in (p,w) > 0 and that z(p, w) > 0.

(a) Show that whenever a consumer is maximizing a monotone utility function then,
at any (p,w) > 0, there must exist some good k& (which may depend on (p, w))
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In other words, there must be some good ¢« whose demand increases with income.
[Hint: Walras” Law.]
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Now further assume a consumer has the additive utility function
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where u; is C2, with u(x;) > 0 and u; (x;) < 0 for all z; > 0 and all i. D2 4t Covitek

(b) Show that for the additive utility function, the marginal utility of income dimin-
ishes with income, i.c., = xcf/ w) WW/Z- R

{)) 12 (p,w) < 0 for all (p,w) > 0.

[Hint: Recall that the marginal utility of income equals the Lagrange multiplicr.]
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(¢) Show that for the additive utility function, we may strengthen the conclusion in
(a) to the following:
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4. (Optional) Show that a preference relation 7 on [0, 1] is continuous and strictly convex
iff there exists a continuous utility function u representing - and a point 2* € [0, 1] such
that u is strictly increasing on [0,2*] and strictly decreasing on [z*, 1]. Graphically,
one example is

u(x)

0 z* 1 T

no '
ﬁ@; > fume R ot Wﬁywﬂx o Lo
ﬁnj /@me Tha , 3 oot W) V7WW7 >

gmw Wi) 75 cewti. om Lo, '] M\Mulz mvfwt
Pyy Etrome Vol T, CEVT )

ax¥efo ] st W*)“X’Z—fﬁj alx),

ﬁmy, appose XX 13 et wm‘Zm.Q e, 3 fé [o] 2t
f‘ﬂex% o | M/Z)6 = mxX)

Arct ﬂvwW\aHy/ »j’ =
)(*.<Jf = wf)< V\(>2:47X>

(toke 2= =
It X% Moimizes L) on o, 1] \>‘<

D +the  Maxi mum valne y* s wuzvu




Next, ossmmne 0= < |
Lejt' 0< ackéx‘x.

) zf b= x5 wh)= m"h)z_%] wMy) = uig)

2) If b =x* gwe (0.1) st. b= o +(%) x*

P?/W Muﬁy, 2 < Xa+(l-=)x* =]
D nl) < wib)
139 )% 2, U Ts 6‘17701'4/3 MW{MM@, on [o, X*]
Pm.»\gﬁwr T rﬂw‘a’t& deg m [, l‘l I am[‘*)’m
For +he cose where x¥=0 o =1,
one  Sde 13 Vel gd the sther B ~he same

(U

& foumi e oot U rgprmsents 2 ond
éﬁvﬁ% ,meﬁﬂ m [0.X°] and Wiﬂa/ Mm'fr sn x5 J
Ey/&fmw/w%n T . X R omty
Nut, bt a.b e wth axl ard wc(o)
ie) < mih fucm, u(b)? < n(otor(F L)
by Ha strict mematimiciy of & on [0 ond (1]
= (< Xa+(-&)b
= X ik 4 ool ex 7



