CS 230 Discussion 7 - Equivalence Relations, Partial Orders, and Infinite SetSpring 2025

Recall the properties of relations R on a set A (i.e., relations from A to A):

Reflexive: Va € A.aRa.

Irreflexive: Va € A.—(aRa).

¢ Transitive: Va,b,c € A.aRb AN bRc = aRc.

Symmetric: Va,b € A.aRb = bRa.

e Asymmetric: Va,b € A.aRb = —(bRa).

e Antisymmetric: Va,b € A.aRb AbRa = a =b.

A relation R on a set A is:

a partial order if R is reflexive, antisymmetric, and transitive.
a total order if R is a partial order and for all distinct a,b € A, aRb or bRa.

an equivalence relation if R is reflexive, symmetric, and transitive.

. Consider the relation R on {1,2,3,4,5} is an equivalence relation:

R={(1,1),(1,4),(41),(44),(55),(2,2),(2,3),(32),(3,3)}

(a) Verify R is an equivalence relation.
(b) What is the equivalence class of 3, [3]?
(c) What is the partition induced by R?

Consider the relation Ronset A={neZ | 1<n<10}:
R={(x,y) eAxA|x=yV(xisodd A x <y)}

(a) Verify that R is a partial order.

(b) What is the size of the largest chain in R?

(c) What is the size of the largest antichain in R?

(d) At least how many chains must any chain decomposition of R have?

Let A be a non-empty set and let R be a relation on A.

(a) Prove or disprove that there exists an equivalence relation S on A such that R C S.

(b) Prove or disprove that there exists a partial order S on A such that S C R.

Let f: A— Aand g: A — A be functions on a set A. On HW5, you showed that if g o f is
a bijection and A is finite, then ¢ and f are bijections.

Prove that does not extend to the case when A is is infinite. That is, show that there
exists an infinite set A and functions f, g on A such that g o f is a bijection but at least one
of ¢ and f are not bijections.
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5. Prove that the set of even integers is countably infinite by showing a bijection from the set of
positive integers. (A surjection suffices to show it is countably infinite, but make it injective
as well.)

6. Show that [R| = |R\ {0}| by proving that the following function f : R — R\ {0} is a
bijection. Recall that Z-( denotes the set of all non-negative integers.

x+1 ifxeZx
flx) = .
X otherwise

7. Let D be the set of odd integers. Show that [R| = |R \ D| by proving there exists a bijection
f:R — R\ D. (Hint: Unlike the previous, we now have a countably infinite number of
“holes” to avoid. Use the fact from problem 5 that the evens (and similarly, the odds) are
countably infinite to map all integers differently than to themselves.)

8. Let A be a countably infinite set, and let R be any infinite relation on A; thatis, R C A x A.
Prove that R is countably infinite by exhibiting a bijection from A to R.



2. Consider the relation Ronset A={ne€Z | 1<n<10}:
R={(x,y) e AxA|x=yV(xisodd A x <y)}

(a) Verify that R is a partial order. - A—M'P/yw. + Dpwas
(b) What is the size of the largest chain in R?

(c) What is the size of the largest antichain in R?

(d) At least how many chains must any chain decomposition of R have?
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4 Letf: A— Aand g: A — A be functions on a set A. On HWS5, you showed that if g o f is
a bijection and A is finite, then ¢ and f are bijections.

Prove that does not extend to the case when A is is infinite. That is, show that there
exists an infinite set A and functions f, g on A such that g o f is a bijection but at least one
of ¢ and f are not bijections.
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6. Show that |R| = |R\ {0}| by proving that the following function f : R — R\ {0} is a
bijection. Recall that Z>( denotes the set of all non-negative integers.

x+1 ifxeZy
flx) = .
X otherwise
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8. Let A be a countably infinite set, and let R be any’infinite relation on A; thatis, R C A x A.
Prove that R is countably infinite by exhibiting a bijection from A to R.
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