
CS 230 Discussion 6 - Relations and Functions Spring 2025

Recall the following properties of relations R from a set A to a set B:

• Function: For all a → A, a has out-degree = 1; i.e.,

↑a → A.(↓b → B. aRb) ↔ (↑b1, b2 → B. aRb1 ↔ aRb2 ↗ b1 = b2).

• Injective: For all b → B, b has in-degree ↘ 1; i.e., ↑b → B.↑a1, a2 → A. a1Rb ↔ a2Rb ↗ a1 = a2.
If R is a function, this is equivalently expressed as ↑a1, a2 → A. R(a1) = R(a2) ↗ a1 = a2.

• Surjective: For all b → B, b has in-degree ≃ 1; i.e., ↑b → B.↓a → A. aRb. If R is a function,
this is equivalently expressed as ↑b → B.↓a → A. R(a) = b.

• Bijective: For all b → B, b has in-degree = 1; i.e., R is surjective and injective.

Recall the properties of relations R on a set A (i.e., relations from A to A):

• Reflexive: ↑a → A. aRa.

• Irreflexive: ↑a → A.¬(aRa).

• Transitive: ↑a, b, c → A. aRb ↔ bRc ↗ aRc.

• Symmetric: ↑a, b → A. aRb ↗ bRa.

• Asymmetric: ↑a, b → A. aRb ↗ ¬(bRa).

• Antisymmetric: ↑a, b → A. aRb ↔ bRa ↗ a = b.

1. For any sets A, B, C, and D, what can be said about set L = (A ⇐ B) ⇒ (C ⇐ D) and
R = (A ⇒ C) ⇐ (B ⇒ D)? Are they equal, is exactly one a subset of the other, etc.?
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2. Provide functions f : Z ⇑ Z+ with the following properties. Prove the correctness of your
functions.

(a) f is neither surjective nor injective.
(b) f is surjective and not injective.
(c) f is surjective and injective.
(d) f is injective and not surjective.

3. For each of the following relations, determine whether the relations are 1) reflexive, 2)
irreflexive, 3) transitive, 4) symmetric, 5) antisymmetric, and 6) asymmetric. For parts d and
e, list the elements of the relation.

(a) ⊋ on any non-empty set A.
(b) A ⇒ A on any non-empty set A.
(c) {(a, a), (a, b), (b, b), (b, c), (c, c)} on set {a, b, c, d}.
(d) < on set {1, 2, 3, 4}.
(e) ↘ on set {1, 2, 3, 4}.
(f) ⇓ on set 2A for any non-empty set A.
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