CS 230 Discussion 3 - More Proofs and Induction Spring 2025

Recall the proof structure for weak induction: To prove a infinite sequence of statements
P(m),P(m+1),P(m+2),... for some integer m and predicate P(-):

e Prove P(m).
* Prove that P(n) = P(n+ 1) for all integers n > m.

Finally, conclude that, by weak induction, P(m), P(m + 1), P(m +2),... are all true; that is, for all
integers n > m, P(n) is true.

1. Prove or disprove: There is a real number x such that x*> < x < x2.

2. Prove or disprove: There is a real number x such that x* < x < x2.

n .
3. Prove by weak induction that, for any positive integer n, Y 2 = 2""! — 1. Note that the
i=0

n .
notation }_ 2/ denotes the finite sum 20 + 21 + ... 42",
i=0

n
4. Prove by weak induction that, for any natural number n, ¥ i = n(n +1)(2n + 1) /6. Note
i=1

n
that the notation Y_ i? denotes the finite sum 12 + 2% + 32 + ... + n.
i=0

5. Prove by weak induction that, for any natural number n > 12, that n can be written as a
sum of (non-negative multiples of) 4s and 5s. [Hint: Involving cases may be helpful.]

6. Fun with Geometry: Consider a collection of # lines in the plane that are in general position,
meaning that no two lines are parallel and no three lines intersect at the same point. The n
lines subdivide the plane into regions.

* Prove that, for any collection of n lines in general position, the regions induced by
the lines can be colored with only two colors so that any two adjacent regions have
different colors.

¢ To think about later: How many regions do the n lines create? Prove your answer
using weak induction.
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1. Q?/eor disprove: There is a real number x such that ¥ < x < a2
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2. Prove or dispreve: There is a real number x such that x* < x < x2.
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5. Prove by weak induction that, for any natural number n > 12, that n can be written as a
sum of (non-negative multiples of) 4s and 5s. [Hint: Involving cases may be helpful.]
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6. Fun with Geometry: Consider a collection of 7 lines in the plane that are in general position,
meaning that no two lines are parallel and no three lines intersect at the same point. The n
lines subdivide the plane into regions.

e Prove that, for any collection of 7 lines in general position, the regions induced by
the lines can be colored with only two colors so that any two adjacent regions have
different colors.

¢ To think about later: How many fegions do the n lines create? Prove your answer
using weak induction.
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