CPS 230 Recitation 12 — April 11 Spring 2025

Recall that a graph G is defined as an ordered pair (V, E) where V is a finite set of vertices
and E is a set of edges. If G is undirected, then E C {{a,b} € 2" | a # b} and each edge is a
two-element subset of V, and if G is directed then E C {(a,b) € V x V | a # b} and each edge is
an ordered pair of distinct vertices. It is convention to refer to |V| as n and |E| as m.

A pair of vertices u, v is strongly-connected if there is a path from u to v and a path from v to u.
A directed graph G = (V, E) is strongly-connected if each pair of vertices is strongly-connected. In
lecture, we defined the strongly-connected components (SCCs) of a directed graph by the blocks
of the partition induced by the strongly-connected relation.

Equivalently, they are maximal strongly-connected subgraphs of G. That is, for any strongly-
connected subgraph C of G, if there exists no subgraph C’ of G for which C is a subgraph of C’
then C is a maximal strongly-connected subgraph of G, and thus C is an SCC of G. (Informally, if
there is no “larger” strongly-connected subgraph C’ of G that contains C within it, C is an SCC.)
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such that any path from u to v and any path from v to u share an edge.

(c) Draw a strongly-connected directed graph with no cycles.

2. For any directed graph G = (V, E), if there is a path from a vertex u to a distinct vertex v
and a path from v to u, then there is a cycle containing u. (Note, this is not an immediate
consequence of any results from lecture.)

[Hint: Consider a proof by induction on the combined lengths of the paths (by number of edges).]

3. A tournament graph is a directed graph where exactly one of (u,v) or (v, u) is in E for every
pair of distinct vertices u,v € V. A champion of the graph is a vertex from which every other
vertex is reachable by a path of length at most two from the champion. That is, every other
vertex is an out-neighbor of the champion, or it is the out-neighbor of an out-neighbor of
the champion.

(a) How many different tournament graphs are there with n vertices? How does this
compare to the number of directed graphs with n vertices? (While we are at it, how
many undirected graphs are there with n vertices?)

(b) Prove that any vertex in G with largest out-degree is a champion.
[Hint: Consider a proof by contradiction.]

(c) Prove that any tournament has a Hamiltonian path; that is, a path that visits every
vertex exactly once.
[Hint: Consider a proof by induction on the number of vertices. (The number of edges is
determined exactly by the number of vertices, so inducting on edges is similar but arquably
more complicated for unclear gains.)]
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4. Let G = (V,E) be a directed acyclic graph (DAG), and let R be the relation on V where uRv
if and only if there is a path in G from u to v, for any vertices u,v € R. That is, uRv if and
only if v is reachable from u.

(a) Show that G has |V| strongly-connected components.

(b) Show that G has a source vertex, a vertex with in-degree 0. By symmetry, show that G
has a sink vertex, a vertex with out-degree 0.
[Hint: Consider a maximal path in G; that is, a path P for which no other path P’ contains P.]

(c) One can show that R is a weak partial order, which you may assume for this problem.
(Consider verifying this for yourself!)

Recall that a partial order is total if, for any two distinct elements, one element is related
to the other (but not vice versa). Prove that R is a total order if and only if G contains a
Hamiltonian path. That is, prove that for any pair of distinct vertices u,v € V, either
uRv or vRu.

[Hint: Use induction on the number of vertices for the forward direction.]



2. For any directed graph G = (V, E), if there is a path from a vertex u to a distinct vertex v
and a path from v to u, then there is a cycle containing u. (Note, this is not an immediate
consequence of any results from lecture.)

[Hint: Consider a proof by induction on the combined lengths of the paths (by number of edges).]

-. waﬁx Wy > mwm?f)
Pe) . i(]( 3 o v e etk Vo itk cobed

MKWE, aw(frbuom/w?m_

Mete 27> ]‘:*f Aottt  vetios p. v
M

%1 =
- Z2=2 Q‘V (nv) . (v, u)
S UV U s 0 vab. G m n.

T P el fﬁ 2< k<3

s QAWM} = F" w=Vv F"‘ V—=u  with  gomdyineol 2.
o (wﬁ’"‘/") N
© Mo wtor shosed lawaan P T Y

)P })frw \/\_/P/)\?-l/
P P M(Vu /W " 2
@ T vt x  daed krtneun Fl,?\. Wu

P
@MW Mﬂ%‘f}\ P"Jf?)'- u-> X le‘;f?}: X=> U
D QPR with ewbing (MT“% =2 (57 X R AiHugt fom )

%ZH,QWLW’WM\J‘VJM, ’



4. Let G = (V,E) be a directed acyclic graph (DAG), and let R be the relation on V where uRv
if and only if there is a path in G from u to v, for any vertices 1, v € R. That is, uRv if and
only if v is reachable from u.

(a) Show that G has |V| strongly-connected components.

(b) Show that G has a source vertex, a vertex with in-degree 0. By symmetry, show that G
has a sink vertex, a vertex with out-degree 0.
[Hint: Consider a maximal path in G; that is, a path P for which no other path P" contains P.]

(c) One can show that R is a weak partial order, which you may assume for this problem.
(Consider verifying this for yourself!)

Recall that a partial order is total if, for any two distinct elements, one element is related
to the other (but not vice versa). Prove that R is a total order if and only if G contains a
Hamiltonian path. That is, prove that for any pair of distinct vertices u,v € V, either
uRv or vRu.

[Hint: Use induction on the number of vertices for the forward direction.]
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